Abstract: A metric is developed providing a quantitative measure of the two-dimensional spatial coherence of scattered fields. The metric is based on fitting a function similar to bivariate Gaussian to measured two-dimensional coherence surfaces. This function provides a robust fit to the measured data for a range of coherence lengths and surface asymmetries. Through an eigendecomposition of the bivariate Gaussian covariance matrix, it is possible to define surface orientation as well as coherence lengths along the major and minor axes. The metric is applied to normal-incidence scattering data collected in recent field trials at Seneca Lake, NY.
Introduction
Most measurements of the spatial coherence of acoustic fields are made using a onedimensional linear array. 1 The spatial coherence is measured by calculating a metric, such as correlation coefficient, through pairwise comparisons of the elements within the array. This produces a one-dimensional measure of the correlation coefficient versus the spatial hydrophone separation. The measured spatial coherence typically falls from a peak at zero offset. A first-order approximation to the spatial loss of coherence is the "coherence length," which is commonly defined as the distance required for the coherence to fall to 1/e of the peak value.
There are a number of domains where the spatial coherence of the field scattered from the seafloor plays an important role. These areas include synthetic aperture sonar image formation, acoustic seafloor characterization, and array gain modeling. To characterize the spatial coherence, many measurements have been made of horizontal and vertical coherence of underwater acoustic fields. [2] [3] [4] Simultaneous measurement of the two-dimensional spatial coherence is less common, and characterization of the coherence length in the "off-axis" (i.e., non-horizontal or non-vertical) directions is even less common. Correlation Velocity Log (CVL) sonar systems are an exception. These systems utilize a two-dimensional receive array to measure the two-dimensional spatial coherence of the acoustic field scattered near normal incidence. CVL velocity estimation requires accurate measurement of the two-dimensional spatial coherence of the scattered field. It can be shown that the CVL's accuracy is proportional to the coherence length of the received field. 5, 6 The measured two-dimensional spatial coherence is not guaranteed to have radial symmetry; therefore, the standard univariate coherence length measure is inadequate for CVL error modeling.
In this work, a metric for the two-dimensional spatial coherence is developed and applied to field data collected at Seneca Lake, NY. A brief description of the test area, the sonar system, and the associated signal processing are provided in the following section. A metric for the two-dimensional spatial coherence is given in Section 3. This metric provides a pair of measures of the coherence length and a separate measure of the surface orientation. The metric is applied to field data and it is shown to provide adequate flexibility to describe the shape of the surface while requiring the estimation of only four free parameters.
Experimental measurements of spatial coherence
The acoustic testing described here was conducted on June 18, 2015 at Seneca Lake, NY. Seneca Lake is 1 of 11 lakes located in an area of New York State known as the Finger Lakes region. It is the largest by volume of these lakes with a 186 m maximum depth, a 57 km length and a 5 km width at its widest point. 7 Testing was conducted in a central portion of the lake where the water depth is roughly 180 m. The sonar data collected along a test track is processed to produce a sub-bottom profile showing the lake bathymetry and sub-bottom sediment structure, Fig. 1 . This track runs north-tosouth and the lake floor and the sub-bottom layers are sloped less than 0.5 . Additional testing in this area of the lake has shown that the east-to-west slope of the lake floor is less than 1.0 . The sonar system used to collect this data consists of a 48 element receive array and a single channel projector mounted to a sonar frame attached to a 9 m pontoon boat. The receive array consists of 48 hydrophones arranged in a rectangular 6-element by 8-element grid with a 9.14 cm center-to-center spacing. The sonar system transmits a linearly frequency modulated waveform from 12 to 24 kHz with a pulse length of 10 ms. This waveform is windowed with a 10% Tukey window. 8 For each transmitted pulse, a 100 ms record is segmented from the signals recorded on the hydrophone array. This 100 ms record begins at the onset of the first return from the lake bed. A 16-20 kHz bandpass filter is applied to these signals. After segmentation and filtering, a temporal window is applied so the spatial coherence can be evaluated for different portions of the return signal. The coherence is then measured by calculating the zero-lag correlation coefficient for each of the possible 48 2 element pairs. Each of these correlation measures has an associated spatial offset; however, these offsets are not unique. For example, the 48 autocorrelations all represent zero spatial offset. Examination of the array layout and the redundant spatial offsets shows that for a fully populated rectangular array with dimensions m by n there are (mn) 2 correlation pairs with (2 m -1)(2 n -1) unique spatial offsets. Therefore, the 6 Â 8 element receive array used in this experiment produces an 11 Â 15 array of unique spatial offsets. Mapping from a large number of element pairs ( 48 2 ) to the smaller number of unique spatial offsets (11 Â 15) has been discussed in the context of correlation velocity log signal processing by Boltryk et al. This mapping is applied to the data collected at Seneca Lake and the results are shown in Fig. 2 . This figure includes an isolevel overlay along with a number of metrics in its title. These will be discussed in Sec. 3. Here, it is worth noting that this spatial representation of the data permits an intuitive interpretation of the measured correlation coefficients. The two-dimensional spatial coherence surface has a peak at zero displacement. The surface is asymmetric and the correlation coefficient falls monotonically in the region near the peak. coherence length and surface orientation. The remainder of this paper will focus on the development of a metric for the spatial coherence measured by a two-dimensional array and a single transmitted pulse.
The shape of the surface is characterized by fitting a function with a form similar to a two-dimensional Gaussian to the measured coherence surface. This fitting process will be called the "bivariate normal surface fit." This function provides a reasonably flexible two-dimensional shape for fitting those cases where the measured coherence falls monotonically from the peak value. The fit is less accurate when the coherence does not fall monotonically; however, it still provides a useful measure of the width and asymmetry present near the peak of the spatial coherence. The functional form used to fit to the measured data is given by
where r 1 and r 2 are the widths of the spatial coherence along the respective axes, q provides a measure of asymmetry and surface orientation, and l p is the peak of the bivariate function that is fit to the measured correlation coefficients. This function is fit to the measured spatial coherence surface using nonlinear least squares regression (specifically MATLAB nlinfit.m), 10 where r 1 , r 2 , q, and l p are the estimated coefficients. Note that, in implementation, the auto-correlation channel pairs should be excluded from the fit process. These channels will always show perfect correlation; therefore, they provide no additional information. In the case of a data collection with low signal to noise ratio, the ambient noise will bias the cross-correlation coefficients to zero while the auto-correlation coefficient will remain one. If the auto-correlation channels are not excluded from the fit process in low SNR cases, the resulting correlation lengths estimates will be biased.
One weakness of this approach is in the intuitive understanding of the degree of surface asymmetry. If the surface is perfectly symmetric, then r 1 ¼ r 2 and q ¼ 0. However, if the surface is asymmetric the degree of asymmetry and orientation are both encoded in r 1 , r 2 , and q. Combining multiple separate measures to describe the asymmetry is confusing and leads to a more difficult interpretation of the results. To resolve this issue, a second set of coherence lengths are calculated, and these new lengths are oriented along the major and minor axes of the asymmetric surface.
To calculate these surface aligned coherence lengths, begin by expressing Eq. (1) in vector notation as
where x ¼ ½x 1 x 2 > , where x 1 is the forward direction and x 2 is the athwartship direction. The covariance is 
The eigendecomposition of the covariance matrix is R ¼ UKU > , where the columns of U are the eigenvectors of R and K is a diagonal matrix whose entries are the corresponding eigenvalues. Defining z ¼ U > x, the coherence length is found by setting the argument of the exponential in Eq. (2) equal to À1. This gives
This equation can be rewritten in a simple algebraic form as
The 1/e isolevel of a bivariate Gaussian is an ellipse with major and minor axes lengths of r a ¼ ffiffiffiffi ffi
, respectively. To summarize, the matrix U forms an orthonormal basis that is oriented with its axes relative to the surface. The operation, z ¼ U > x, projects the surface from the array aligned coordinate system (x) to the surface aligned coordinate system (z).
The surface-aligned coherence lengths are found through an eigendecomposition of the covariance matrix used to describe the bivariate normal surface. The resulting eigenvectors are oriented along the major and minor axes of the surface and the eigenvalues are equal to the square of the coherence lengths along these axes. The major axis coherence length is given by r a and the minor axis coherence length is given by r b . The orientation of these axis are denoted by the angle h a , where h a ¼ 0 indicates that the major axis is aligned with the x 1 axis. Therefore, if h a ¼ 0 then r a ¼ r 1 and r b ¼ r 2 . Using the coherence lengths aligned to the major and minor axes it is possible to define a single measure of the surface asymmetry
This measure of asymmetry is bounded such that 2 (0, 1], because the major axis coherence length, r a , is always greater than the minor axis coherence length, r b . ¼ 1 is the case of no asymmetry (a circular surface) and the most extreme asymmetry occurs as ! 0. The bivariate normal fit has been applied to the data shown in Fig. 2 , and the fit parameters shown within the title. A thin white isolevel line is shown at half the estimated surface peak value. This line is useful as a tool for visualizing the asymmetry and qualitatively judging the fit to the underlying function. In this case, the surface shows moderate asymmetry ¼ 0.56 with an orientation of h ¼ À37. 4 . The surface fit function has well approximated the width and orientation of the central portion even with a non-monotonically decreasing surface at the largest spatial offsets.
This metric was applied to the data collected near 408 m along-track in the sub-bottom profile shown in Fig. 1 . The data was segmented from the 100 ms record using 10 ms temporal windows with four window start times from 0 to 30 ms in 10 ms steps. The purpose of the experiment was to study the effect of the sediment structure on the coherence length. Using short temporal windows, it was possible to restrict analysis to specific regions of the sub-bottom. The spatial coherence can be associated with the distinct layering seen in the sub-bottom profile.
A spatial coherence surface for each of the four temporal windows applied to the selected ping is shown in Fig. 3 . The shape of the surface was measured using the bivariate normal fit and the fit parameters are provided in the title of each figure. Generally, the surfaces narrow with increasing time and they are moderately asymmetric. The earliest two windows span the uppermost, layered sequence. The coherence lengths for these windows are relatively large and they show asymmetry oriented where h a > 0. The orientation abruptly changes to h a < 0 for the later pair of intervals. This change occurs as the temporal window passes beyond the uppermost sediment sequence and into the more isotropic sub-bottom below.
This metric has been calculated for each of the 1000 pings making up the subbottom profile shown in Fig. 1 . The surface aligned coherence lengths, r a and r b , are shown in Fig. 4 for the 0-10 ms temporal window. The major axis coherence length varies from 0.7 to 2.0 m and the minor axis length varies from 0.3 to 1.5 m. The asymmetry varies with ranging over 0.3-1.0. Visual assessment of the fit quality found the metric accurately tracking the shape and orientation of the coherence surface throughout the dataset.
Note that the analysis presented in this paper has focused on the real component of the complex correlation coefficient. Caution should be exercised if this metric is applied to the magnitude of the complex correlation coefficient. The estimate of the magnitude of the complex correlation coefficient is highly biased for low signal coherence. 11 If this bias is not taken into account prior to application of this metric, the resulting coherence length estimates will be biased.
Conclusion
An experiment at Seneca Lake, NY measured the normal-incidence field scattered from the lake bed. This data was processed to calculate the two-dimensional spatial coherence, which was found to have significant variability between pings and between temporal windows. The use of a single coherence length measure was inadequate to characterize the width and orientation of the measured surfaces. A two-dimensional metric, based upon a surface fit, was developed to address this shortcoming. Fig. 1 . The coherence length and asymmetry vary significantly over this track. Note that ping 408 analyzed in Fig. 3 is near 408 m along-track.
The proposed metric was applied to the experimental data. The recorded data was segmented into four sequential temporal windows, and the two-dimensional spatial coherence was calculated for each temporal interval. The spatial coherence varies significantly between temporal windows, and it appears sediment layering properties of the lake bed have a strong influence on the observed spatial coherence. Across all the cases shown, the proposed metric accurately captured the coherence length asymmetry and orientation.
The proposed measure of the spatial coherence has several advantages. First, the shape of the bivariate Gaussian approximates the asymmetry observed in the measured surfaces accurately. Second, this metric is useful for two-dimensional arrays with a relatively small number of hydrophones since the fit process requires the estimation of only four free parameters. Finally, through an eigendecomposition of the Gaussian covariance matrix it is possible to measure the surface orientation and the surfacealigned coherence lengths. These surface aligned lengths may then be used to quantitatively assess the asymmetry of the spatial coherence surface.
